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ABSTRACT

The ability to perform fast retrieval from a database of 3D
models is becoming a growing necessity as the number of
models in circulation is rapidly increasing. Several of the
many existing methods dealing with this problem consider
similarity measures based on visual appearance. This idea
of comparing models using their respective silhouettes per-
forms well on a number of benchmarks, but comes with a
few inherent limitations, the biggest of which is that at the
time of comparison all possible rotational alignments between
two models need to be considered. In this paper we present
two retrieval algorithms based on a silhouette representation.
The first method shows how model similarity can be com-
puted using fast harmonic matching techniques, and the sec-
ond method reduces the problem to fast vector differencing
using rotation-invariant properties of the representations.

1. INTRODUCTION

Laser-scanned objects, CAD models, and image-based recon-
structions are just a few of the sources contributing to the
rapidly growing number of publicly available 3D models. Along
with these vast resources of 3D collections comes the need for
a fast, large-scale model retrieval and matching system. Al-
though the availability of 3D information has sparked a num-
ber of methods which take advantage of the complex geomet-
ric information for each model, some successful methods are
based on visual similarity [1, 2]. Object silhouettes can pro-
vide enough information for recovery, eliminating the need
to process often complex 3D structural or surface informa-
tion. The success of silhouette-based algorithms relativeto
those which rely on descriptive local features can in part be
attributed to the fact that local geometric structure may vary
widely among objects from the same class.

Another popular class of methods considers global repre-
sentations of the models ([3, 4, 5, 6]) and in particular cases
the representations of the models analyzed using the spheri-
cal harmonic transform ([3, 7], among others). We will also
use the spherical harmonic representation and its rotational
invariants in a similar manner, as will be explained in later

sections.
The methods we present in this paper are motivated by

the visual similarity method of [1]. The basic idea is based on
approximating the light field [8] of a 3D model by capturing
silhouettes from a fixed set of positions on the sphere. While
their method proves promising, it has a few inherent limita-
tions. The spherical positions of the silhouettes are restricted
by the fact that comparisons can only be made for rotations
which map the samples onto themselves. There is no natu-
ral way to perform approximate comparisons, which is a ne-
cessity considering very large databases may be queried, and
there is no flexibility in the rotations that can be tested. Fi-
nally, for any pair of models, a brute force traversal through
all possible rotational alignments must be made (although a
hierarchical approach can help speed up the comparisons).
We will present in this paper two methods for model retrieval
which address these concerns. The first method treats com-
putes similarity as a correlation of tangent bundles on the
sphere (where each tangent plane represents a different model
silhouette). We show how such a comparison can be com-
puted as a multiplication in the Fourier domain, alleviating
the need to perform a comparison for each possible rotation
directly in the spatial domain. The second method also uti-
lizes the silhouette-based representation. Instead of perform-
ing correlations, harmonic rotational invariants of the silhou-
ette representations are used to encode a small feature vector.
In this case the similarity between two models is just the Eu-
clidean distance between two such vectors.

2. LIGHT FIELD REPRESENTATION

The model retrieval method in [1] considers silhouettes taken
at 20 (in practice only 10 from one hemisphere are needed)
different locations on the sphere, and there are only 60 ro-
tations which map these points onto themselves. In order to
create a denser sampling of silhouette positions and to con-
sider more rotations, the only solution is to recreate the con-
figuration of 10 vertices at a different reference orientation.
Repeating this configuration 9 times, a total of 100 silhouettes
are generated, and the number of rotations which need to be



traversed before a distance measure is obtained rises to 5,460
[1]. We would like to develop a method that is more flexible
to the number of silhouettes that can be used, a method which
has natural approximation capabilities for speed considera-
tions, and one that does not require the brute-force traversal
of all possible rotational alignments.

We begin by describing a modified representation of the
light field for a 3D model. Instead of capturing silhouettes
from pre-determined positions, we can specify the locations
given a desired resolution. Given a spherical bandwidthB,
both of the spherical angles (θ for co-latitude, andφ for lon-
gitude) will be sampled uniformly at2B locations, resulting
in a total of2B2 samples on the sphere. See figure 1 to visu-
alize this sampling on the sphere. Only the value ofB needs
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Fig. 1. A shows a spherical grid with 256 samples. The sphere
is sampled uniformly in the angles, creating a square grid.B
depicts the corresponding regions mapped onto the sphere.
The highlighted samples correspond to the highlighted row
in A. The sample centers (origins of the tangent planes) are
shown inC.

to increase until the desired spacing is achieved. A silhou-
ette will then be generated from each of these samples, and
this collection of silhouettes will be the model’s light field
representation. The silhouette at sphere pointp(θ, φ) is a bi-
nary function obtained by orthographically projecting the3D
model onto the tangent plane atp. The orientation of the tan-
gent plane is given by the rotationR = Rz(φ)Ry(θ) (i.e. the
tangent plane at the north pole maps onto the tangent plane at
p via the rotationR).

3. MODEL SIMILARITY AS CORRELATION

We now present the first method to measure similarity of two
models, which are represented with their respective light fields.
For the moment, consider the continuous light field function
L(p, v) which gives the binary value of the pointv on the sil-
houette taken from spherical locationp. If we process the
silhouettes to generate smaller features which may encode
some translational or rotational invariants, then our light field
representation can be stored as a vector-valued function on
the sphere, given asL(p, x). In other words, the value at
L([0 0 1]T ) is some feature vector computed for the sil-
houette obtained from the north pole, and the value ofx de-

notes an element in this vector. For simplicity we will use
the centroid-distance functions and Zernike moments used in
[9, 1]. If we define the similarity of two feature vectors to
be their correlation coefficient, then we can claim the similar-
ity of two 3D models as the maximum correlation coefficient
of their light field representations over all possible rotational
alignments. In other words, model similarity is given by the
maximum of the following rotational function:

G(R) =

∫

x

∫

p

L1(p, x)L2(R
T p, x) dp dx (1)

The key here is in recognizing the underlying spherical inte-
gration as a correlation of two spherical signals. It has been
shown that the spherical correlationG′(R) =

∫

L1(p)L2(R
T p) dp

can be estimated efficiently as a multiplication in the spheri-
cal Fourier domain. We refer readers to [10, 11] for the de-
tails, and for other applications of the spherical correlation
alignment. We will writef̂ l

m for the spherical Fourier coeffi-
cients of degreel and orderm, f̂ l for the vector of(2l + 1)

coefficientsf̂ l = [f̂ l
l f̂

l
l−1

· · · f̂ l
−l+1

f̂ l
−l]

T , andĜ′
l

mp for the
coefficients of the Fourier transform defined on the rotation
groupSO(3). The spherical correlation theorem states that
the Fourier transform of the spherical correlation function G

can be obtained as

Ĝ′
l

mp = L̂1

l

mL̂2

l

p

and so the samples of the correlation function are recovered
with G′(R) = ISOFT (Ĝ) whereISOFT is the inverse
SO(3) Fourier transform. Our light field correlation can now
be written as

G(R) =

∫

x

ISOFT (Ĝ)(x) dx (2)

If we let B represent the bandwidth of the spherical func-
tions (meaning only coefficients up to degreeB − 1 are com-
puted), then the inverse SO(3) Fourier transform will leaveus
with with 2B samples in each of the three Euler angles, giv-
ing us an accuracy up to±

(

180

2B

)

◦

in α andγ and±
(

90

2B

)

◦

in β. Hereα, β, γ are the traditionalZY Z Euler angles. Fast
spherical Fourier transforms (SFT) can be computed in time
O(B2 log2 B), and fastSO(3) Fourier transforms (SOFT) in
O(B3 log2 B) [12, 10]. These fast algorithms require uniform
sampling in the angles, and this is the primary motivation for
our choice of spherical sampling.

4. ROTATIONAL INVARIANTS

For some applications that require searching through large
databases, pairwise model comparison using fast correlations
may not be sufficiently fast. The correlation function we are
considering measures the alignment quality for all orienta-
tions, but for retrieval only the overall best alignment is im-
portant. We propose to use invariant properties of the spher-
ical harmonic coefficients (see [7, 13] for other uses of these



invariants) to encode a feature vector which does not depend
on the orientation of the original polygonal model.

As spherical functions are rotated by elements of the ro-
tation groupSO(3), the Fourier coefficients are “modulated”
by the irreducible representations ofSO(3):

f(η) 7→ f(RT η) ⇐⇒ f̂ l 7→ U l(R)T f̂ l (3)

TheU l matrix representations ofSO(3) are unitary, and en-
sure the distribution of energy among frequencies does not
vary.

||U l(R)f̂ l|| = ||f̂ l||, ∀R ∈ SO(3) (4)

By considering only the magnitudes of the coefficient vec-
tors, the light field feature size is further reduced. The total
size is equal to⌊B

2
⌋N , where B is the spherical bandwidth

and N is the size of the individual silhouette features (in the
next section it will become clear why it isB

2
instead of just

B). For example, consider a model for which we render a very
large number of silhouettes (a bandwidth ofB = 17 means
we must render 578 silhouettes in one hemisphere). Assum-
ing we keep 35 Zernike coefficients and 10 contour distance
coefficients for each silhouette (as in [1]), we can represent a
3D model with just(35 + 10) ∗ 8 = 360 elements, which are
stored in one vector. The distance between models is just the
Euclidean distance between these vectors.

5. COMPUTATIONAL CONSIDERATIONS

Knowing that the silhouette generated at any pointp on the
sphere is just a projection of the model onto the silhouette
plane, it is clear that the silhouette generated from the antipo-
dal point−p will just be a reverse image. From the invariance
of the Zernike and contour features,L(p, x) is has the even
property such thatL(p, x) = L(−p, x). For such functions,
all spherical Fourier coefficients of an odd degree are zero.
Also, since the spherical function is real-valued, the coeffi-
cient vectorsf̂ l exhibit the hermitian property that opposite
orders are related by conjugation. These two facts mean we
only need to computêf l

m for l even andm ≥ 0.
Regarding the rotational matching, it is tempting to per-

form retrieval hierarchically, since a natural coarse-to-fine sim-
ilarity can be computed by simply varying the bandwidth at
which the correlation is performed. LetB be the bandwidth
of a spherical functionf , and letB′ < B−1. We will denote
the inverse SFT of̂f l asISFT {f̂ l}l=0,...,B−1. We use the
subscript(l = 0, . . . , B − 1) to denote the inverse transform
is using all degrees less thanB, meaning the standard inverse
transform. It is straightforward to see the following

ISFT {f̂ l}l=0,...,B−1 = ISFT {f̂ l}l=0,...,B′ +

ISFT {f̂ l}l=B′+1,...,B−1

This same decomposition principle holds for theSO(3) Fourier
transform. This shows that reconstructing your signal at a

higher resolution or bandwidth includes the computation for
a lower resolution transform, so there is no wasted or redun-
dant processing in a coarse-to-fine approach.

Regarding computation times, the time to compare two
models using rotational invariants is less than0.0001 seconds
(this is just vector differencing) on a 2GHz machine. The ex-
ecution time for measuring similarity using correlation isjust
less than0.1 seconds (for a bandwidth ofB = 17, meaning
578 silhouettes). The remaining computational effort is spent
on generating the model silhouettes, and figure 2 plots the
time required to generate silhouettes at varying bandwidths
and numbers of polygons. The current implementation is a
preliminary effort and does not take advantage of the many
optimization opportunities within OpenGL or modern graph-
ics cards.
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Fig. 2. A plot showing the rendering time to generate silhou-
ettes for various bandwidths and model sizes. For a band-
width B, the number of silhouettes rendered is2B2. For
example, it takes approximately 95 seconds to generate 578
silhouettes of a model with316K polygons.

6. RESULTS

Two versions of the correlation method and two versions of
the rotational invariants comparison method were entered in
SHREC, the 3D Shape Retrieval Contest [14, 15]. The four
entries were entered under the name “Makadia.” The first
run compared models using the correlation method, but only
Zernike features were used. The second run was again the
correlation method, but both Zernike and contour-distance
features were used. The third run compared models with the
faster invariant vector comparison, using only Zernike fea-
tures, while the fourth run performed the vector comparisons
using Zernike and contour-distance features. Of the 17 main
categories of analysis, the correlation methods finished first
in 11. The faster vector-invariant comparisons, however, fin-
ished in the middle of the pack in all categories. The obvious
tradeoff is in accuracy versus comparison times.

Figure 3 shows that the accuracy of the correlation method
may be achieved without performing pairwise correlations



10 20 30 40 50 60 70 80 90 100
20

40

60

80

100

120

140

160

180

200

220

best N models in correlation method

Fig. 3. This plot shows how many models in the ranked list
(obtained with vector comparisons) you need to traverse be-
fore finding50% of the bestN matches in the ranked list ob-
tained with correlations. The plot shows the median over all
queries. For example,50% of the best 100 matches from the
correlation method will appear in the first213 matches from
the ranked list obtained with fast vector comparisons.

against an entire database. The faster invariant vector compar-
isons can be used to generate a much smaller set of possible
matching objects, and the correlations can be used to provide
an accurate ranking within this pruned set.

7. CONCLUSION

In this paper we presented two new approaches for compar-
ing 3D models. The first method considers the best possible
correlation alignment between the models’ light field repre-
sentations. The benefit of this approach is in the fast correla-
tion estimation using the Spherical Fourier transform, andthe
flexibility and approximation allowed by varying the number
of coefficients used. The second method utilizes the rota-
tional invariants of the spherical transform to encode an en-
tire model light field with just one small feature vector. This
allows us to compute model distance with fast Euclidean dis-
tance measurements.

The algorithms proposed in this document can be extended
in many ways. It may be beneficial to retain more information
beyond a binary silhouette image. One could capture surface
orientations, or a depth map, where each pixel marks the dis-
tance from the model to the silhouette plane, to help disam-
biguate between very different surfaces which generate simi-
lar silhouettes. It is also of importance to investigate
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